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ABSTRACT  

The existence of a defect like a crack will leads to change in natural frequency of the plate and enlargement of the 

crack will also lead another change in natural frequency with the change of the size or position of the crack. So this study 

focuses on finding the natural frequency for orthotropic composite plates with crack considering the size of the crack 

(crack length and depth through plate thickness) an crack position in the plate in x, y directions, also slant of the crack. The 

natural frequency is studied for composite material strengthen by long, and woven fibers with the effect of crack size and 

position, plate thickness, aspect ratio, the type of  plate fixing where three type of fixing used (SSSS, SSCC, SSFF). 

Two methods are used to find the natural frequency of composite plate: First method is supposed analytical solution 

to solve the equation of motion considering the effect of size, and position crack on the natural frequency of the composite 

plate. Second method is finite element solution using ANSYS (ver. 14) program. A comparison made between the two 

methods and the error percentage is not exceeds of 3.5%. 

The results shows that the natural frequency decreases as crack size (length or width) increases. The natural 

frequency decreases when the crack in the middle of the plate over any position of the crack. The effect of crack when it 

reaches the middle is higher than when it’s in the other places. The natural frequency is decreases as plate width increases, 

(aspect ratio and plate thickness). 
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INTRODUCTION 

Damage detection of one-dimensional structures by vibration analysis, is a new technique in non-destructive 

evaluation methods. The conventional nondestructive testing methods unlike the vibration analysis methods are expensive 

and time-consuming. Several researchers have worked on the influence of cracks on the natural frequencies and mode 

shapes of structures, S. E. Khadem and M. Rezaee (2000-b). 

All efforts to predict crack growth and fatigue in a composite laminate are affected by the unique and complex 

manner in which cracks can grow in a laminate. Cracks tend to grow in the matrix parallel to the fibers.  Thus, if a crack is 

cut parallel to the fibers, it will grow in a direction parallel to itself, i.e., in a self-similar manner. However, if a crack is cut 

at some angle to the fibers, then the crack will still grow parallel to the fibers and not parallel to itself, i.e., non-self-similar 

crack growth. Then, because a composite laminate has many layers at various orientations, a crack cut in a laminate results 

in crack growth that is locally sometimes self-similar and sometimes not. Globally, crack growth is non-self-similar, so 

predicting the effects of many kinds of damage growth is very difficult, if not impossible, R. M. Jones (1999). 

In 2000 S. E. Khadem and M. Rezaee-a, introduced a new functions named 'modified comparison functions'' and 

used for vibration analysis of a simply supported rectangular cracked plate. It is assumed that the crack having an arbitrary 
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length, depth and location is parallel to one side of the plate. Elastic behavior of the plate at crack location is considered as 

a line spring with a varying stiffness along the crack.  

Also in same year S. E. Khadem and M. Rezaee-b, established an analytical approach to the crack detection of 

rectangular plates under uniform external loades by vibration analysis. The damage is considered as an all-over part-

through crack parallel to one edge of the plate. Avoiding non-linearity, it is assumed that the crack, at all dynamical 

conditions, is open.  

S. S. Kessler et al. 2001, presented part of an experimental and analytical survey of candidate methods for in-situ 

damage detection of composite materials. Experimental results are presented for the application of Lamb wave techniques 

to quasi-isotropic graphite-epoxy thin coupons and sandwich beams containing representative damage modes, including 

delamination, transverse ply cracks and through-holes. 

Also in 2004 L. Wang, presented an exact solutions of dispersive relations in a composite lamina and composite 

laminate are first deduced from three-dimensional (3-D) elasticity theory. The dispersion relations containing infinite 

number of symmetric and anti-symmetric wave modes are numerically solved. Then, to make dispersive wave solutions 

tractable in composites, a higher-order plate theory is proposed. 

And in 2008 A. Israr (2008), concerned with analytical modelling of the effects of cracks in structural plates and 

panels within aerospace systems such as aeroplane fuselage, wing, and tail-plane structures, and, as such, is part of a larger 

body of research into damage detection methodologies in such systems. This study is based on generating a so-called 

reduced order analytical model of the behaviour of the plate panel, within which a crack with some arbitrary characteristics 

is present, and which is subjected to a force that causes it to vibrate. 

In this study, a suggested analytical solution to driving the equation of motion for a given set of boundary 

conditions governing the vibrations of orthotropic composite plate with crack effect. In addition to study the effect of all 

crack parameters and plate geometry on the natural frequency for different types of composite plate.  

Theoretical Study  

To model a crack with a finite length in a cracked rectangular plate, a rectangular plate may be considered as shown 

in Fig. 1; the crack is 2C in length and runs parallel with one side of the plate.  

 

 

 

 

 

 

 

 

 

Fig. 1:Orthotropic Plate with Crack 
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The coordinates of the crack center are represented by ݔ௢ and ݕ௢. Using non-dimensional parameters as, S. E. 

Khadem and M. Rezaee (2000-a), 

2ܿ =
ଶ஼௔    ܿ ݁ݒ݅ݐ݈ܽ݁ݎ ݇ܿܽݎ  ݈                                ݄ݐ݃݊݁

 =
௛೚ு     ܿ ܿ ݏݐ݅ ݐܽ ݄ݐ݌݁݀ ݁ݒ݅ݐ݈ܽ݁ݎ ݇ܿܽݎ   ݎ݁ݐ݊݁

೚ୀೣ೚ೌఎ೚ୀ೤೚್  ܿ ܿ ݇ܿܽݎ ݎ݁ݐ݊݁ െ  (1)                        ݏ݁ݐܽ݊݅݀ݎ݋݋ܿ

Where, ܽ , ܾ and ܪ represent dimensions of the plate in ݕ ,ݔ and ݖ directions, respectively, and ݄௢ represents the crack 

depth at its center. 

When the plate is only subjected to the bending moments, the Formula or nominal bending stress at the location of 

the crack with a finite length becomes, ߪ௕௢ =
ఙ್∞ଵାቈଷ(ଷାఔమభ)(ଵିఔమభ)

ഀ್್೚൫మ಴ ಹൗ ൯቉                                      (2) 

Where, ıୠ୭ is the nominal bending stress at the crack location and on the surface of the plate, at the crack direction, ߪ௕∞ is 

the nominal bending stress at the location of the crack with an infinite length and on the surface of the plate equal to stress 

in 2-direction of orthotropic plate (ߪଶ), at the crack direction, ߙ௕௕௢  is the non-dimensional bending compliance coefficient at 

the crack center, and, ߥ is the Poisson ratio.                   

If the shape of the crack is considered as a semi-ellipse, in Cartesian coordinate system, then the function 

representing the shape of the crack will be, S. E. Khadem and M. Rezaee (2000-a), 

(ݔ)݄ = ۔ۖەۖ
ۓ 0 ݎ݋݂,                      0 < ݔ < ௢ݔ) െ ௢݄(ܥ ൤1െ ቀ௫ି௫೚஼ ቁଶ൨ଵ ଶൗ

௢ݔ)ݎ݋݂, െ (ܥ < ݔ < ௢ݔ) + (ܥ

௢ݔ) ݎ݋݂,                      0 + (ܥ < ݔ < ܽ                                          (3) 

For vibration analysis of the plate having a crack with a finite length, relation Eq. (3) can be expanded as a sum of 

sine and cosine functions in the domain 0 ൑ ݔ ൑ ܽ by Fourier series. 

However, the application of this method may be inefficient due to time consuming and intensive computational 

effects. Therefore, by using the following equation, S. E. Khadem and M. Rezaee (2000-a), ߙ௕௕ =
ଵு׬ ݃௕ଶ ݄݀௛଴                                                        (4) 

Where, gୠ is the dimensionless function of the relative crack depth, And is defined as, S. E. Khadem and M. Rezaee 

(2000-b), ݃௕ = ଵ ଶൗ ൣ1.99 െ 2.47  + 12.97 ଶ െ 23.17 ଷ + 24.80 ସ൧                                             (5) 

The method for the choice of ߙ௕௕௢  suggest to identify ߙ௕௕௢  with the value of ߙ௕௕  at ݔ = ܿ ݂݋ ݎ݁ݐ݊݁ܿ) ௢ݔ (݇ܿܽݎ , J. R. Rice 

and N. Levy (1972). 

A function representing dimensionless bending compliance coefficient is directly suggested as a function of 

dimensionless coordinate, , which is free of the above-mentioned difficulties, as follows, S. E. Khadem and M. Rezaee 

(2000-a), 
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௕௕()ߙ = ௕௕௢ߙ  ݁ ିൣ൫ି೚൯ ௘൧మ (ଶ௖)మൗ                                 (6) 

One may suggest the variation of the nominal bending stress on the hypothetical boundary as the following new 

function, S. E. Khadem and M. Rezaee (2000-a), ߪ௕() = ∞௕ߪ െ ൫ߪ௕∞ െߪ௕௢൯݂()                               (7) 

Where ݂ () is the 'crack shape function' and is defined as, ݂() = ݁ିൣ൫ି೚൯ ௘൧మ (ଶ௖)మൗ                                             (8) 

On the other hand, the slope discontinuity at both sides of the crack location due to bending moments is 

proportional to bending compliance of the crack and nominal bending stress, and is given by, S. E. Khadem and M. 

Rezaee (2000-a), 

௦௟௢௣()ߠ =
ଵଶ൫ଵିఔమభమ ൯ா  ௕௕                                     (9)ߙ ௕ߪ

The governing equation for the free vibration of a rectangular isotropic plate is given by, S. E. Khadem and M. 

Rezaee (2000-a),   ׏ ܦସݓ + ഥ݉ డమ௪డ௧మ = 0                                               (10) 

Where, ݓ = ,ݕ,ݔ)ݓ (ݐ  is the plate flexural ܦ ,is the biharmonic operator, ݉ഥ is the mass per unit area of the plate ׏ , 

rigidity=
ா ுయଵଶ(ଵିఔమ)

.                                   

Using the separation of variables technique to solving Eq. (4.25), as, (ݐ,ݕ,ݔ)ݓ = (ݕ,ݔ)ܹ (ݐ)ܶ.                                     (11) 

Then, ሷܶ + ߱ଶܶ = 0, and, ׏ସܹെ߱ଶ ௠ഥ஽ܹ = 0                (12)  

Transformation Eq. (12) in terms of dimensionless co-ordinates  and ߟ as,  =
௫௔    , ߟ =

௬௕ . Then,       

߶ସ డరௐడర + 2߶ଶ డరௐడమడȘమ +
డరௐడȘర െ ସߣ  ܹ = 0               (13) 

Where, ߣସ = ߱ଶ ௠ഥ஽ ܾସ , ߶ =
௕௔  

To solving Eq. (4.31) using boundary as simply supported along the edges   = 0 and 1, and arbitrary edge 

condition at ߟ = 0 ܽ ݊݀ 1, the solution of Eq. (4.31) may be expressed in the form, A. C. Ugural (1999), ܹ(,ߟ) = σ ௠ܻ(ߟ) sin(݉ ߨ )∞௠ୀଵ                        (14) 

By substitution Eq. (14) into Eq. (13), get, 

ௗర௒ௗఎర െ ଶ[߶ ߨ ݉] 2 ௗమ௒ௗఎమ + ସ(߶ ߨ ݉)] െ ܻ[ସߣ = 0                                                                        (15) 

To solving Eq. (15) using of linear differential operators, H. Anton et. al. (2002), get, for ߣଶ >  ,ଶ(׎ ߨ ݉)
௠ܻ(ߟ) = ௠ܣ cosh(ߚ௠ ߟ) + ௠ܤ sinh(ߚ௠ ߟ) + ௠ܥ cos(ߛ௠ (ߟ  + ௠ܦ sin(ߛ௠ ߟ)                          (16) 
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Where, ߚ௠ = ඥ((݉ ׎ ߨ)ଶ + ௠ߛ  ,(ଶߣ = ඥ(ߣଶ െ  .(ଶ(׎ ߨ ݉)
By applying Eq. (4.33) to two regions of the cracked plate shown in Fig. 1, one may require eight boundary 

conditions. The boundary conditions are applied to regions (1) and (2), respectively, at ߟ = 0 ܽ݊݀ 1, and to a hypothetical 

boundary separating the two regions. Because of the form of the plate supports at two edges simply support, the boundary 

conditions at  = 0 ܽ ݊݀ 1 for two regions are satisfied by Eq. (14), S. E. Khadem and M. Rezaee (2000-a). Then, Eq. 

(14) for two regions become, 

ଵܹ(,ߟ) = ێێێۏ
௠భܣۍ cosh(ߚ௠ ߟ) ௠భܤ+ sinh(ߚ௠ ߟ) ௠భܥ+ cos(ߛ௠ (ߟ  ௠భܦ+ sin(ߛ௠ ߟ) ۑۑۑے

ې
sin(݉ ߨ )      

ߟ) ݎ݋݂                                             = 0 ௢ߟื )   

ଶܹ(,ߟ) = ێێێۏ
௠మܣۍ cosh(ߚ௠ ߟ) ௠మܤ+ sinh(ߚ௠ ߟ) ௠మܥ+ cos(ߛ௠ (ߟ  ௠మܦ+ sin(ߛ௠ ߟ) ۑۑۑے

ې
sin(݉ ߨ )                                            

ߟ) ݎ݋݂                                             = ௢ߟ ื 1)  

                                                 (17) 

The boundary conditions along the crack at ߟ =    ,௢ are, S. E. Khadem and M. Rezaee (2000-a)ߟ

ଵܹ(,ߟ) |ఎ೚ = ଶܹ(,ߟ) |ఎ೚ ,  ܯଵആ = ଶആܯ  ฺ  
డమௐభడȘమ + ଶ߶ ߥ డమௐభడమ ቚఎ೚ =

డమௐమడȘమ + ଶ߶ ߥ డమௐమడమ ቚఎ೚  

ଵܸആ = ଶܸആ  ฺ  
డయௐభడȘయ + (2 െ (ߥ  ߶ଶ డయௐభడమడఎቚఎ೚ =

డయௐమడȘయ + (2 െ (ߥ  ߶ଶ డయௐమడమడఎቚఎ೚   డௐభడఎ െ ௦௟௢௣()ߠ െ డௐమడఎ ቚఎ೚ = 0                      (18) 

For using, A. C. Ugural (1999),  ߪ௕∞ = െ ா ுଶ ௕మ (ଵିఔమ)
ቀడమௐడȘమ + ଶ߶ ߥ డమௐడమ ቁ                        

Then, ߠ௦௟௢௣() = ௘݂() ቀడమௐడȘమ + ଶ߶ ߥ డమௐడమ ቁ 
Then, fourth boundary condition in Eq. (18), become, 

డௐభడఎ െ ௘݂() ቀడమௐభడȘమ + ଶ߶ ߥ డమௐభడమ ቁ െ డௐమడఎ ቚఎ೚ = 0   

The boundary conditions at ߟ = 0 ܽ ݊݀ 1, for regions (1) and (2), respectively, A. C. Ugural (1999), are, 

 Simply Supported Edges, 

At the simply support considered, the deflection and bending moment are both zero. Hence, 
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ଵܹ(,ߟ) |ఎୀ଴ = 0 , 
డమௐభడȘమ + ଶ߶ ߥ డమௐభడమ ቚఎୀ଴ = 0  

ଶܹ(,ߟ) |ఎୀଵ = 0 , 
డమௐమడȘమ + ଶ߶ ߥ డమௐమడమ ቚఎୀଵ = 0                                                             

                                                                    (19) 

 Clamped Supported Edges, 

In this case both the deflection and slope must vanish. That is,  

ଵܹ(,ߟ) |ఎୀ଴ = 0     , 
డௐభడఎ ቚఎୀ଴ = 0 , 

ଶܹ(,ߟ) |ఎୀଵ = 0  , 
డௐమడఎ ቚఎୀଵ = 0                            (20) 

 Free Supported Edges, 

In this case both bending moment and vertical shear force zero. Hence, 

డమௐభడȘమ + ଶ߶ ߥ డమௐభడమ ቚఎୀ଴ = 0  

డయௐభడȘయ + (2െ ଶ߶ (ߥ డయௐభడమడఎቚఎୀ଴ = 0   

డమௐమడȘమ + ଶ߶ ߥ డమௐమడమ ቚఎୀଵ = 0   

 
డయௐమడȘయ + (2 െ (ߥ  ߶ଶ డయௐమడమడఎቚఎୀଵ = 0                          (21) 

By using boundary conditions in Eqs. (19) to (21) for each case and boundary conditions along the crack, in Eq. 

(18), get the general solution of Eq. (17), For ߣଶ >  ,ଶ, as(׎ ߨ ݉)

 Simply Supported Edges, 

By substitution boundary conditions in Eqs. (19) and (18) into Eq. (17), get,  

ଵܹ(,ߟ) = ௠భܤ ൤ ଵ݂() sinh(ߚ௠ (ߟ  +ଶ݂() sin(ߛ௠ ߟ) ൨  
ߟ)                                                    = 0 ௢ߟื )  

ଶܹ(,ߟ) = ௠భܤ ൤ ଷ݂()(sinh(ߚ௠ ߟ) െ tanhߚ௠  cosh(ߚ௠ ((ߟ  +ସ݂()(sin(ߛ௠ ߟ) െ tan ௠ߛ  cos(ߛ௠ ߟ))
൨         

ߟ)                                                    = ௢ߟ ื 1)                      (22)                   

Where,  

ଵ݂() = sin(݉ ߨ ) , ݂ ଶ() = ଵܵ  sin(݉ ߨ )  

ଷ݂() = ܵଶ sin(݉ ߨ ) , ݂ ସ() = ଷܵ sin(݉ ߨ )  

For, ܵ ଵ =
൤(௘వ ௘భలି௘భమ ௘భయ)(௘ర ௘ళି௘య ௘ఴ)ି
(௘భ ௘ఴି௘ఱ ௘ర)(௘భమ ௘భఱି௘భభ ௘భల)

൨൤(௘మ ௘ఴି௘ల ௘ర) (௘భమ ௘భఱି௘భభ ௘భల)ି
(௘భబ ௘భలି௘భమ ௘భర)(௘ర ௘ళି௘య ௘ఴ) ൨  
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ଶܵ =
൤(௘వ ௘భరି௘భబ ௘భయ)(௘ఴ ௘మି௘ర ௘ల)ି
(௘భ ௘లି௘ఱ ௘మ) (௘భల ௘భబି௘భమ ௘భర)

൨൤(௘య ௘లି௘ళ ௘మ)(௘భల ௘భబି௘భమ ௘భర)ି
(௘భభ ௘భరି௘భబ ௘భఱ)(௘ఴ ௘మି௘ర ௘ల) ൨    

ଷܵ =
൤(௘వ ௘భఱି௘భభ ௘భయ)(௘ల ௘యି௘మ ௘ళ)ି
(௘భ ௘ళି௘ఱ ௘య) (௘భర ௘భభି௘భబ ௘భఱ)

൨൤(௘ర ௘ళି௘య ௘ఴ)(௘భర ௘భభି௘భబ ௘భఱ)ି
(௘భమ ௘భఱି௘భభ ௘భల)(௘ల ௘యି௘మ ௘ళ) ൨  

For, 

ଵ݁ = sinh(ߚ௠ ߟ௢) , ݁ ଶ = sin(ߛ௠ ߟ௢) ,  

ଷ݁ = െ൬ sinh(ߚ௠ ߟ௢) െ
tanhߚ௠  cosh(ߚ௠ ߟ௢)൰  

ସ݁ = െ(sin(ߛ௠ ߟ௢) െ tanߛ௠  cos(ߛ௠ ߟ௢)), ݁ ହ = sinh(ߚ௠ ߟ௢) ௠ଶߚ) െ   , (ଶ߶ ߥଶ(ߨ ݉)
଺݁ = െ sin(ߛ௠ (௢ߟ  ௠ଶߛ) +   (ଶ߶ ߥଶ(ߨ ݉)
଻݁ = െ൬ sinh(ߚ௠ ߟ௢) െ

tanhߚ௠  cosh(ߚ௠ ߟ௢)൰ ௠ଶߚ) െ   (ଶ߶ ߥଶ(ߨ ݉)
଼݁ = (sin(ߛ௠ ߟ௢) െ tanߛ௠  cos(ߛ௠ ௠ଶߛ)((௢ߟ  +   (ଶ߶ ߥଶ(ߨ ݉)
ଽ݁ = cosh(ߚ௠ ߟ௢) ௠ଷߚ) െ ଶ(2െ(ߨ ݉)   (௠ߚ ଶ߶ (ߥ

ଵ݁଴ = െ cos(ߛ௠ ߟ௢) ௠ଷߛ) + ଶ(2െ(ߨ ݉) (ߥ  ߶ଶ ߛ௠)  

ଵ݁ଵ = െ൬ cosh(ߚ௠ ߟ௢) െ
tanhߚ௠  sinh(ߚ௠ ߟ௢)൰ ௠ଷߚ) െ ଶ(2(ߨ ݉) െ   (௠ߚ ଶ߶ (ߥ

ଵ݁ଶ = (cos(ߛ௠ (௢ߟ  + tan ௠ߛ  sin(ߛ௠ ௠ଷߛ)((௢ߟ  + ଶ(2(ߨ ݉) െ (ߥ  ߶ଶ ߛ௠)  

ଵ݁ଷ = ௠ߚ]  cosh(ߚ௠ ߟ௢) െ ௘݂ ()  sinh(ߚ௠ ߟ௢) ௠ଶߚ) െ   [(ଶ߶ ߥଶ(ߨ ݉)
ଵ݁ସ = ௠ߛ]  cos(ߛ௠ ߟ௢) + ௘݂()  sin(ߛ௠ (௢ߟ  ௠ଶߛ) +   [(ଶ߶ ߥଶ(ߨ ݉)
ଵ݁ହ = െߚ௠(cosh(ߚ௠ ߟ௢) െ tanhߚ௠  sinh(ߚ௠ ߟ௢))  

ଵ݁଺ = െߛ௠(cos(ߛ௠ ߟ௢) + tanߛ௠  sin(ߛ௠ ߟ௢))  

And the value of Ȝ can be evaluated from the characteristics equations, as, 

ቮ ଵ݁ ݁ଶ݁ହ ݁଺ ݁ଷ ସ݁݁଻ ଼݁݁ଽ ଵ݁଴ଵ݁ଷ ଵ݁ସ ଵ݁ଵ ଵ݁ଶଵ݁ହ ଵ݁଺ቮ = 0                                   (23) 

 Clamped Supported Edges, 

By substitution boundary conditions in Eqs. (20) and (18) into Eq. (17), get,  

ଵܹ(,ߟ) = ௠భܤ ൥ ଵ݂() ቀsinh(ߚ௠ ߟ) െ ఉ೘ఊ೘ sin(ߛ௠ ߟ)ቁ +ଶ݂()(cos(ߛ௠ ߟ) െ cosh(ߚ௠ ߟ))
൩  

ߟ)                                                    = 0 ื (௢ߟ  
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ଶܹ(,ߟ) = ௠భܤ ێێۏ
ۍ ଷ݂() ൬sinh(ߚ௠ ߟ) +݀ସ cosh(ߚ௠ ߟ) +݀ଶ sin(ߛ௠ ߟ) ൰ +

ସ݂() ൬cos(ߛ௠ ߟ) + ݀ଷ cosh(ߚ௠ (ߟ  +݀ଵ sin(ߛ௠ ߟ)
൰ ۑۑے
ې
   

ߟ)                                                    = ௢ߟ ื 1)            (24)                   

Where,  

ଵ݂() = sin(݉ ߨ ) , ݂ ଶ() = ܵଵ  sin(݉ ߨ )  

ଷ݂() = ܵଶ sin(݉ ߨ ), ݂ ସ() = ܵଷ sin(݉ ߨ )  

And, ݀ ଵ =
ቀ୲ୟ୬ ఊ೘ାഁ೘ം೘ ୲ୟ୬୦ఉ೘ቁቀଵିഁ೘ം೘ ୲ୟ୬୦ఉ೘  ୲ୟ୬ ఊ೘ቁ ,  ݀ଶ =

ఉ೘ఊ೘ (୲ୟ୬୦ఉ೘  ୱ୧୬୦ఉ೘ିୡ୭ୱ୦ఉ೘)ቀୡ୭ୱ ఊ೘ିഁ೘ം೘ ୲ୟ୬୦ఉ೘ ୱ୧୬ ఊ೘ቁ  ݀ଷ = െ (୲ୟ୬ ఊ೘  ୱ୧୬ ఊ೘ାୡ୭ୱ ఊ೘)ቀୡ୭ୱ୦ఉ೘ିഁ೘ം೘ ୲ୟ୬ఊ೘ ୱ୧୬୦ ఉ೘ቁ ,  
݀ସ =

ቀഁ೘ം೘ ୲ୟ୬ ఊ೘ି୲ୟ୬୦ఉ೘ቁቀଵିഁ೘ം೘ ୲ୟ୬୦ఉ೘  ୲ୟ୬ఊ೘ቁ  
For, ܵ ଵ =

൤(௘వ ௘భలି௘భమ ௘భయ)(௘ర ௘ళି௘య ௘ఴ)ି
(௘భ ௘ఴି௘ఱ ௘ర)(௘భమ ௘భఱି௘భభ ௘భల)

൨൤(௘మ ௘ఴି௘ల ௘ర)(௘భమ ௘భఱି௘భభ ௘భల)ି
(௘భబ ௘భలି௘భమ ௘భర)(௘ర ௘ళି௘య ௘ఴ)

൨   
ܵଶ =

൤(௘వ ௘భరି௘భబ ௘భయ)(௘ఴ ௘మି௘ర ௘ల)ି
(௘భ ௘లି௘ఱ ௘మ) (௘భల ௘భబି௘భమ ௘భర)

൨൤(௘య ௘లି௘ళ ௘మ)(௘భల ௘భబି௘భమ ௘భర)ି
(௘భభ ௘భరି௘భబ ௘భఱ)(௘ఴ ௘మି௘ర ௘ల)

൨   
ܵଷ =

൤(௘వ ௘భఱି௘భభ ௘భయ)(௘ల ௘యି௘మ ௘ళ)ି
(௘భ ௘ళି௘ఱ ௘య) (௘భర ௘భభି௘భబ ௘భఱ)

൨൤(௘ర ௘ళି௘య ௘ఴ)(௘భర ௘భభି௘భబ ௘భఱ)ି
(௘భమ ௘భఱି௘భభ ௘భల)(௘ల ௘యି௘మ ௘ళ)

൨   
For,݁ ଵ = ቀsinh(ߚ௠ ߟ௢) െ ఉ೘ఊ೘ sin(ߛ௠ ߟ௢)ቁ, ݁ ଶ = (cos(ߛ௠ ߟ௢) െ cosh(ߚ௠ ߟ௢))  ݁ଷ = െ(sinh(ߚ௠ ߟ௢) +݀ସ cosh(ߚ௠ ߟ௢) + ݀ଶ sin(ߛ௠ ߟ௢))  ݁ସ = െ(cos(ߛ௠ ߟ௢) +݀ଷ cosh(ߚ௠ ߟ௢) + ݀ଵ sin(ߛ௠ ߟ௢))  

݁ହ = ൥ sinh(ߚ௠ ߟ௢) ௠ଶߚ) െ (ଶ߶ ߥଶ(ߨ ݉) +

sin(ߛ௠ (௢ߟ  ቀߚ௠ ߛ௠ + ଶ߶ ߥଶ(ߨ ݉) ఉ೘ఊ೘ቁ൩  ݁଺ = െ൤cosh(ߚ௠ (௢ߟ  ௠ଶߚ) െ (ଶ߶ ߥଶ(ߨ ݉) +
cos(ߛ௠ (௢ߟ  ௠ଶߛ) + (ଶ߶ ߥଶ(ߨ ݉) ൨  

݁଻ = െ቎൬ sinh(ߚ௠ ߟ௢) +݀ସ cosh(ߚ௠ ߟ௢)൰ ௠ଶߚ) െ (ଶ߶ ߥଶ(ߨ ݉) െ݀ଶ sin(ߛ௠ (௢ߟ  ௠ଶߛ) + (ଶ߶ ߥଶ(ߨ ݉) ቏  
଼݁ = ቎൬cos(ߛ௠ (௢ߟ  +݀ଵ sin(ߛ௠ ߟ௢)൰ ௠ଶߛ) + (ଶ߶ ߥଶ(ߨ ݉) െ݀ଷ cosh(ߚ௠ (௢ߟ  ௠ଶߚ) െ (ଶ߶ ߥଶ(ߨ ݉) ቏  
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݁ଽ = ൥cosh(ߚ௠ ߟ௢) ௠ଷߚ) െ (2 െ (௠ߚଶ(ߨ ݉)ଶ߶(ߥ +ఉ೘ఊ೘ cos(ߛ௠ ߟ௢) ௠ଷߛ) + (2 െ (௠ߛଶ(ߨ ݉)ଶ߶(ߥ ൩  
݁ଵ଴ = ൤sin(ߛ௠ (௢ߟ  ௠ଷߛ) + (2െ (௠ߛଶ(ߨ ݉)ଶ߶(ߥ െ

sinh(ߚ௠ ߟ௢) ௠ଷߚ) െ (2 െ (௠ߚଶ(ߨ ݉)ଶ߶(ߥ
൨  

݁ଵଵ = െ቎൬cosh(ߚ௠ ߟ௢) +݀ସ sinh(ߚ௠ ߟ௢)
൰ ௠ଷߚ) െ (2 െ (௠ߚଶ(ߨ ݉)ଶ߶(ߥ െ݀ଶ cos(ߛ௠ (௢ߟ  ௠ଷߛ) + (2 െ (௠ߛଶ(ߨ ݉)ଶ߶(ߥ

቏  
݁ଵଶ = െ቎൬sin(ߛ௠ (௢ߟ  െ݀ଵ cos(ߛ௠ ߟ௢)൰ ௠ଷߛ) + (2െ (௠ߛଶ(ߨ ݉)ଶ߶(ߥ +݀ଷ sinh(ߚ௠ (௢ߟ  ௠ଷߚ) െ (2െ (௠ߚଶ(ߨ ݉)ଶ߶(ߥ

቏  
݁ଵଷ = ൦ ௠ߚ cosh(ߚ௠ ߟ௢) െߚ௠ cos(ߛ௠ ߟ௢) െ

௘݂() ൭ sinh(ߚ௠ (௢ߟ  ௠ଶߚ) െ (ଶ߶ ߥଶ(ߨ ݉) +

sin(ߛ௠ ߟ௢) ቀߚ௠ ߛ௠ + ଶ߶ ߥଶ(ߨ ݉) ఉ೘ఊ೘ቁ൱൪  
݁ଵସ = െ቎ ௠ߛ sin(ߛ௠ ߟ௢) + ௠ߚ sinh(ߚ௠ ߟ௢) െ

௘݂() ൬cosh(ߚ௠ ߟ௢) ௠ଶߚ) െ (ଶ߶ ߥଶ(ߨ ݉) +
cos(ߛ௠ ߟ௢) ௠ଶߛ) + (ଶ߶ ߥଶ(ߨ ݉) ൰቏  

݁ଵହ = െ[ߚ௠ cosh(ߚ௠ (௢ߟ  + ௠ߚ  ݀ ସ sinh(ߚ௠ ߟ௢) + ௠ߛ  ݀ଶ cos(ߛ௠ ௢)]  ݁ଵ଺ߟ  = െ[ߚ௠  ݀ ଷ sinh(ߚ௠ ߟ௢) + ௠ߛ  ݀ ଵ cos(ߛ௠ ߟ௢) െ ௠ߛ sin(ߛ௠   [(௢ߟ 

And the value of Ȝ can be evaluated from the characteristics equations, as, 

ተተ ݁ଵ ݁ଶ݁ହ ݁଺ ݁ଷ ݁ସ݁଻ ଼݁݁ଽ ݁ଵ଴݁ଵଷ ݁ଵସ ݁ଵଵ ݁ଵଶ݁ଵହ ݁ଵ଺ተተ = 0                                     (25) 

 Free Supported Edges 

By substitution boundary conditions in Eqs. (21) and (18) into Eq. (17), get,  

ଵܹ(,ߟ) = ௠భܤ ێێۏ
ۍێێ ଵ݂() ൭ sinh(ߚ௠ ߟ) +൫ఉ೘య ି(௠ గ)మ(ଶିఔ)  థమఉ೘൯൫ఊ೘య ା(௠ గ)మ(ଶିఔ)  థమఊ೘൯ sin(ߛ௠ ߟ)൱ +

ଶ݂() ൭ cos(ߛ௠ ߟ) +൫ఊ೘మ ା(௠ గ)మఔ థమ൯൫ఉ೘మ ି(௠ గ)మఔ థమ൯ cosh(ߚ௠ ߟ)൱ ۑۑے
  ېۑۑ

ߟ)                                                    = 0 ௢ߟื )    

ଶܹ(,ߟ) = ௠భܤ ێێێۏ
ۍ ଷ݂() ቆ sinh(ߚ௠ ߟ) +݀ଵଵ cosh(ߚ௠ ߟ) + ݀ଽ sin(ߛ௠ ߟ)

ቇ +

ସ݂() ቆ cos(ߛ௠ (ߟ  +݀ଵଶ cosh(ߚ௠ ߟ) + ݀ଵ଴ sin(ߛ௠ ቇ(ߟ  ۑۑۑے
ې
  

ߟ)                                                    = ௢ߟ ื 1)          (26) 

ଵ݂() = sin(݉ ߨ ) , ݂ ଶ() = ܵଵ  sin(݉ ߨ )  

ଷ݂() = ܵଶ sin(݉ ߨ ) ,݂ ସ() = ܵଷ sin(݉ ߨ )  
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And, ݀ ଽ =
൫ௗఱ ௗమିௗల ௗభ൯൫ௗఴ ௗభିௗర ௗఱ൯, ݀ ଵ଴ =

൫ௗఱ ௗయିௗళ ௗభ൯൫ௗఴ ௗభିௗర ௗఱ൯, ݀ ଵଵ = െቀ݀ଽ ௗరௗభ +
ௗమௗభቁ, ݀ ଵଶ = െቀ݀ଵ଴ ௗరௗభ +

ௗయௗభቁ  
For, ݀ ଵ = coshߚ௠ ௠ଶߚ) െ ଶ) , ݀ଶ߶ ߥଶ(ߨ ݉) = sinhߚ௠ ௠ଶߚ) െ ଶ)  ݀ଷ߶ ߥଶ(ߨ ݉) = െ cosߛ௠ ௠ଶߛ) + ଶ) , ݀ସ߶ ߥଶ(ߨ ݉) = െ sinߛ௠ ௠ଶߛ) + ଶ)  ݀ହ߶ ߥଶ(ߨ ݉) = sinhߚ௠ ௠ଷߚ) െ ଶ(2െ(ߨ ݉) (ߥ  ߶ଶߚ௠), ݀ ଺ = coshߚ௠ ௠ଷߚ) െ ଶ(2െ(ߨ ݉) (ߥ  ߶ଶߚ௠)  ݀଻ = sinߛ௠ ௠ଷߛ) + ଶ(2(ߨ ݉) െ (ߥ  ߶ଶߛ௠), ݀ ଼ = െ cosߛ௠ ௠ଷߛ) + ଶ(2(ߨ ݉) െ (ߥ  ߶ଶߛ௠)  

For, ܵ ଵ =

቎ቀ௘వ ௘భలି௘భమ ௘భయቁቀ௘ర ௘ళି௘య ௘ఴቁିቀ௘భ ௘ఴି௘ఱ ௘రቁቀ௘భమ ௘భఱି௘భభ ௘భలቁ቏቎ቀ௘మ ௘ఴି௘ల ௘రቁቀ௘భమ ௘భఱି௘భభ ௘భలቁିቀ௘భబ ௘భలି௘భమ ௘భరቁቀ௘ర ௘ళି௘య ௘ఴቁ ቏
   

ܵଶ =

቎ቀ௘వ ௘భరି௘భబ ௘భయቁቀ௘ఴ ௘మି௘ర ௘లቁିቀ௘భ ௘లି௘ఱ ௘మቁቀ௘భల ௘భబି௘భమ ௘భరቁ ቏቎ቀ௘య ௘లି௘ళ ௘మቁቀ௘భల ௘భబି௘భమ ௘భరቁିቀ௘భభ ௘భరି௘భబ ௘భఱቁቀ௘ఴ ௘మି௘ర ௘లቁ ቏
   

ܵଷ =

቎ቀ௘వ ௘భఱି௘భభ ௘భయቁቀ௘ల ௘యି௘మ ௘ళቁିቀ௘భ ௘ళି௘ఱ ௘యቁቀ௘భర ௘భభି௘భబ ௘భఱቁ ቏቎ቀ௘ర ௘ళି௘య ௘ఴቁቀ௘భర ௘భభି௘భబ ௘భఱቁିቀ௘భమ ௘భఱି௘భభ ௘భలቁቀ௘ల ௘యି௘మ ௘ళቁ ቏
  

For, ݁ ଵ = ൭ sinh(ߚ௠ ߟ௢) +൫ఉ೘య ି(௠ గ)మ(ଶିఔ)  థమఉ೘൯൫ఊ೘య ା(௠ గ)మ(ଶିఔ)  థమఊ೘൯ sin(ߛ௠ ߟ௢)൱  

݁ଶ = ൬cos(ߛ௠ ߟ௢) +
൫ఊ೘మ ା(௠ గ)మఔ థమ൯൫ఉ೘మ ି(௠ గ)మఔ థమ൯ cosh(ߚ௠ ߟ௢)൰  

݁ଷ = െቆ sinh(ߚ௠ (௢ߟ  +݀ଵଵ  cosh(ߚ௠ ߟ௢) + ݀ଽ  sin(ߛ௠ ߟ௢)
ቇ  

݁ସ = െቆ cos(ߛ௠ (௢ߟ  +݀ଵଶ  cosh(ߚ௠ ߟ௢) + ݀ଵ଴  sin(ߛ௠ (௢ߟ 
ቇ  

݁ହ = ൥ sinh(ߚ௠ (௢ߟ  ௠ଶߚ) െ (ଶ߶ ߥଶ(ߨ ݉) െ൫ఉ೘య ି(௠ గ)మ(ଶିఔ) థమఉ೘൯൫ఊ೘య ା(௠ గ)మ(ଶିఔ) థమఊ೘൯ sin(ߛ௠ (௢ߟ  ௠ଶߛ) +   ଶ)൩߶ ߥଶ(ߨ ݉)
݁଺ = ൤െ cos(ߛ௠ (௢ߟ  ௠ଶߛ) + (ଶ߶ ߥଶ(ߨ ݉) +

௠ଶߛ) + (ଶ߶ ߥଶ(ߨ ݉) cosh(ߚ௠ ߟ௢)
൨  

݁଻ = െ቎ sinh(ߚ௠ ߟ௢) ௠ଶߚ) െ (ଶ߶ ߥଶ(ߨ ݉) +݀ଵଵ cosh(ߚ௠ (௢ߟ  ௠ଶߚ) െ (ଶ߶ ߥଶ(ߨ ݉) െ݀ଽ sin(ߛ௠ (௢ߟ  ௠ଶߛ) + (ଶ߶ ߥଶ(ߨ ݉) ቏  
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଼݁ = െ቎ െ cos(ߛ௠ (௢ߟ  ௠ଶߛ) + (ଶ߶ ߥଶ(ߨ ݉) +݀ଵଶ cosh(ߚ௠ (௢ߟ  ௠ଶߚ) െ (ଶ߶ ߥଶ(ߨ ݉) െ݀ଵ଴ sin(ߛ௠ ߟ௢) ௠ଶߛ) + (ଶ߶ ߥଶ(ߨ ݉) ቏  
݁ଽ = ൤cosh(ߚ௠ ߟ௢) ௠ଷߚ) െ ଶ(2െ(ߨ ݉) (ߥ  ߶ଶߚ௠) െ

௠ଷߚ) െ ଶ(2(ߨ ݉) െ (ߥ  ߶ଶߚ௠) cos(ߛ௠ ߟ௢)
൨  

݁ଵ଴ = ێێۏ
௠ߛ)sinۍێ (௢ߟ  ௠ଷߛ) + ଶ(2െ(ߨ ݉) (ߥ  ߶ଶߛ௠) +

൦൮൫ఊ೘మ ା(௠ గ)మఔ థమ൯൫ఉ೘మ ି(௠ గ)మఔ థమ൯ sinh(ߚ௠ ߟ௢) ൬כ ௠ଷߚ െ
ଶ(2െ(ߨ ݉) (ߥ  ߶ଶߚ௠൰ ൲൪ ۑۑے

ېۑ
  

݁ଵଵ = െ ێێۏ
ۍێێ cosh(ߚ௠ ߟ௢) ൬ ௠ଷߚ െ

ଶ(2െ(ߨ ݉) (ߥ  ߶ଶߚ௠൰ +݀ଵଵ sinh(ߚ௠ ߟ௢) ൬ ௠ଷߚ െ
ଶ(2െ(ߨ ݉) (ߥ  ߶ଶߚ௠൰ െ݀ଽ cos(ߛ௠ (௢ߟ  ௠ଷߛ) + ଶ(2(ߨ ݉) െ (ߥ  ߶ଶߛ௠)ۑۑے

  ېۑۑ

݁ଵଶ = െ ێێێۏ
ۍ sin(ߛ௠ ߟ௢) ௠ଷߛ) + ଶ(2െ(ߨ ݉) (ߥ  ߶ଶߛ௠) +݀ଵଶ sinh(ߚ௠ ߟ௢) ൬ ௠ଷߚ െ

ଶ(2െ(ߨ ݉) ௠൰ߚଶ߶ (ߥ െ݀ଵ଴ cos(ߛ௠ (௢ߟ  ௠ଷߛ) + ଶ(2െ(ߨ ݉) ۑۑۑے(௠ߛଶ߶ (ߥ
ې
  

݁ଵଷ =

ێێۏ
ێێێ
ۍ ௠ߚ cosh(ߚ௠ ߟ௢) +൫ఉ೘య ି(௠ గ)మ(ଶିఔ) థమఉ೘൯൫ఊ೘య ା(௠ గ)మ(ଶିఔ) థమఊ೘൯ ௠ߛ cos(ߛ௠ ߟ௢) െ
௘݂() ൦sinh(ߚ௠ (௢ߟ  ௠ଶߚ) െ (ଶ߶ ߥଶ(ߨ ݉) െ൫ఉ೘య ି(௠ గ)మ(ଶିఔ)  థమఉ೘൯൫ఊ೘య ା(௠ గ)మ(ଶିఔ)  థమఊ೘൯ כ

sin(ߛ௠ (௢ߟ  ௠ଶߛ) + (ଶ߶ ߥଶ(ߨ ݉) ൪ۑۑے
ۑۑۑ
ې
  

݁ଵସ = ێێۏ
ۍێ െߛ௠ sin(ߛ௠ (௢ߟ  +൫ఊ೘మ ା(௠ గ)మఔ థమ൯൫ఉ೘మ ି(௠ గ)మఔ థమ൯ߚ௠ sinh(ߚ௠ ߟ௢) െ
௘݂() ൤െcos(ߛ௠ ߟ௢) ௠ଶߛ) + (ଶ߶ ߥଶ(ߨ ݉) +

௠ଶߛ) + (ଶ߶ ߥଶ(ߨ ݉) cosh(ߚ௠ ߟ௢) ൨ۑۑے
ېۑ
  

݁ଵହ = െ቎ ௠ߚ cosh(ߚ௠ (௢ߟ  +݀ଵଵߚ௠ sinh(ߚ௠ ߟ௢) +݀ଽ ߛ௠ cos(ߛ௠ (௢ߟ 

቏  
݁ଵ଺ = െ቎ െߛ௠ sin(ߛ௠ (௢ߟ  +݀ଵଶ ߚ௠ sinh(ߚ௠ ߟ௢) +݀ଵ଴ ߛ௠ cos(ߛ௠ ߟ௢)

቏   
And the value of Ȝ can be evaluated from the characteristics equations, as, 

ተተ
݁ଵ ݁ଶ݁ହ ݁଺ ݁ଷ ݁ସ݁଻ ଼݁݁ଽ ݁ଵ଴݁ଵଷ ݁ଵସ ݁ଵଵ ݁ଵଶ݁ଵହ ݁ଵ଺ተ

ተ
= 0                                     (27)                   

For vibration analysis of the plate having a crack with a finite length, relation Eqs. (22), (24), and (26) can be 

expanded as a double Fourier series in the domain (െ1 ൑ ߟ ൑ 1) ܽ݊݀ (െ1 ൑  ൑ 1) . 
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And for orthotropic plate respectively of  with 21.  

The differential equation of equilibrium for bending of thin plates, J. S. Rao (1999), 

డమெೣడ௫మ + 2
డమெೣ೤డ௫ డ௬ +

డమெ೤డ௬మ = ܪ ߩ డమ௪(௫,௬,௧)డ௧మ                   (28) 

Where, for rectangular plate without crack, A. C. Ugural (1999), 

቎ ௫௬቏ܯ௬ܯ௫ܯ = ׬ ൥ ௬߬௫௬൩ߪ௫ߪ ுݖ݀ ݖ  ଶΤିு ଶΤ                                      (29)                   

And, for rectangular plate with crack in  - direction, Fig. 1, 

቎ ௫௬቏ܯ௬ܯ௫ܯ =

ۈۉ
ۈۈۈ
ۇ ׬ ൥ ௬߬௫௬൩ߪ௫ߪ ݀ ݖ  ுݖ ଶΤିு ଶΤᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ௉௟௔௧௘ ௪௜௧௛௢௨௧ ஼௥௔௖௞

െ
׬ ൥ 0൫ߪ௬ െ ௕௢൯݂()ߪ

0
൩ ݀ ݖ  ுݖ ଶΤିு ଶΤᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ஼௥௔௖௞ ா௙௙௘௖௧ ۋی

ۋۋۋ
ۊ

             (30) 

For, D. Gay et al. (2003), 

൥ ௬߬௫௬൩ߪ௫ߪ = െݖ ێێۏ
ۍ ாభଵିఔభమ ఔమభ ఔమభ ாభଵିఔభమ ఔమభ 0ఔమభ ாభଵିఔభమ ఔమభ ாమଵିఔభమ ఔమభ 0

0 0 ۑۑےଵଶܩ
ې
ێێۏ
ۍێ డమ௪డ௫మడమ௪డ௬మ
2

డమ௪డ௫ డ௬ۑۑے
ېۑ
                (31) 

And,  ߪ௕ = ௬ߪ െ ൫ߪ௬ െ ௕௢൯݂()ߪ =    ௬݂௘భ()                  (32)ߪ

For, ݂ ௘భ() = ቀ1 െܥ௘  ݁ ିൣ൫ି೚൯ ௘൧మ (ଶ௖)మൗ ቁ  
௘ܥ = ቌ ቈଷ(ଷାఔమభ) (ଵିఔమభ)

ഀ್್೚൫మ಴ ಹൗ ൯቉ଵାቈଷ(ଷାఔమభ)(ଵିఔమభ)
ഀ್್೚൫మ಴ ಹൗ ൯቉ቍ   

Then, by substitution Eqs. (31) and (32) into Eq. (30), gives, ܯ௫ = െ ாభ ுయଵଶ (ଵିఔభమ ఔమభ)
ቂడమ௪డ௫మ + ଶଵߥ డమ௪డ௬మቃ  ܯ௬ = െ ாమ ுయଵଶ (ଵିఔభమ ఔమభ)
݂௘భ() ቀడమ௪డ௬మ + ଵଶߥ డమ௪డ௫మቁ  ܯ௫௬ = െ ுయଵଶ ቂ2ܩଵଶ  

డమ௪డ௫ డ௬ቃ                                       (33) 

Then ,by substitution Eq. (33) into Eq. (28), gives, ߶ସ ቀ ாభଵିఔభమ ఔమభቁ డర௪డర + ߶ଶ ቂቀ ఔమభ ாభଵିఔభమ ఔమభቁ + ݂௘భ() ቀ ఔభమ ாమଵିఔభమ ఔమభቁ + ଵଶቃܩ4 డర௪డమ డఎమ +
ாమ

(ଵିఔభమ ఔమభ)
݂௘భ() డర௪డఎర +

ଵଶఘ ௕రுమ డమ௪డ௧మ = 0       (34) 
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Then, by substitution ൫ܹ(,ߟ)൯ into Eq. (34), then by using orthogonal method, A. Jeffrey (2002), by pre 

multiplying the result by ൫ܹ(,ߟ)൯ and integral with  ,ߟ for 0 ൑  ൑ 1, 0 ൑ Ș ൑ 1, get the natural frequency of 

rectangular plate with crack effect at any location and size of crack in   direction, as, 

డమ௪(௧)డ௧మ + ௣߱ଶ (ݐ)ݓ = 0                                            (35)                   

where, ߱ ௣ଶ is the natural frequency of plate with crack effect defined as, 

௣߱ଶ =

׬ ׬
ۈۉ
ۈۈۈ
ۇ థరቀ ಶభభషഌభమ ഌమభቁങరೢങరௐ(,ఎ)ା
థమ቎ ቀ ഌమభ ಶభభషഌభమ ഌమభቁା௙೐భ()ቀ ഌభమ ಶమభషഌభమ ഌమభቁାସீభమ቏ ങరೢങమ ങആమௐ(,ఎ)ା

ಶమ
(భషഌభమ ഌమభ)

௙೐భ()ങరೢങആరௐ(,ఎ) ۋی
ۋۋۋ
ௗ ௗఎభబభబۊ

భమഐ ್ రಹమ ׬ ׬ ൫ௐ(,ఎ)ௐ( ,ఎ)൯ௗ ௗఎభబభబ                                  (36) 

Computer Program 

Fig. 2 shows the flow chart for computer program for dynamic analysis of orthotropic composite plate with strength 

different crack size and location effect. The results are natural frequency of orthotropic composite plate supported as 

simply supported along edges parallel to crack and other ends as simply , clamped, and free supported of plate, for strength 

crack, and simply supported plate for oblique crack study. In addition to study the effect of crack size (length and depth), 

and crack location on the natural frequency of isotropic and orthotropic composite plate. 

The program requirement the following input data, 

1. Crack information, crack length, crack depth, and position of crack.  

2. Plate properties, modulus of elasticity, Poisson ratio and density of plate 

3. Dimensions of plates, length of plate, width of plate, and thickness of plate. 

And the output of natural frequency get from program are with different parameters as, 

 Natural frequency with different crack variable, as, 

1. Natural frequency with different location of crack in -direction. 

2. Natural frequency with different location of crack in -direction. 

3. Natural frequency with different crack length. 

4. Natural frequency with different crack depth. 

 Natural frequency with different plate variable, as, 

1. Natural frequency with different aspect ratio of plate. 

2. Natural frequency with different thickness of plate. 

3. Natural frequency with different boundary conditions of plate, as, 

a. Simply supported along all edges, SSSS. 

b. Simply supported along edges (=0, 1) and clamped supported along edges (=0, 1), SSCC. 

c. Simply supported along edges (=0, 1) and free supported along edges (=0, 1), SSFF. 
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Start 

Select the boundary conditions of composite 
plate, as, 
 Input (1), simply supported. 
 Input (2), clamped supported, SSCC. 
 Input (3), free supported, SSFF. 

Input the mechanical properties and 
dimensions of composite plate, length and 
depth of crack. 

I 

Evaluation of  ɉ, as,  Eq. (23) for simply supported plate 
 Eq. (25) for clamped supported plate 
 Eq. (27) for free supported plate 

Evaluation of ܹ ଵ(,ߟ) ,ܽ݊݀  ܹ ଵ(,ߟ), as, 
 Eq. (22) for simply supported plate. 
 Eq. (24) for Clamped supported plate. 
 Eq. (26) for free supported plate.  
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Fig. 2: Flow Chart of Natural Frequency Computer Program of Composite Plate 

RESULTS AND DISCUSSIONS  

The results are the evaluation of the natural frequency of composite plate types, long and woven composite plate 

made of polyester resin and glass fiber with (f=30%, Gglass=30 Gpa, GPolyester=1.4 Gpa, glass=0.25, Polyester=0.4, Eglass=95 

Gpa, EPolyester=3.8 Gpa, glass=2600 kg/m3, Polyester=1350 kg/m3),with crack effect of plate, included the effect of composite 

materials types, crack size, crack location, and other parameters of composite plate types. Where the properties of 

composite plate types and parameters studied are shows in the Tables 1 and 2. And, the method studied to evaluated the 

natural frequency of composite plate types with crack effect are, theoretical study and numerical study, by using ANSYS 

Program Version 14. 

Fig. 3 shown the natural frequency of long composite plate type with aspect ratio (AR=1, 1.5, and 2) for (SSSS, 

SSCC, and SSFF supported) for composite plate, with different crack position in -direction, for  = 0.5, H = 5.5 mm, 

2C= 24 mm,  = 0.7, and ׊୤= 30%. The figure showed that the good agreement between the theoretically and numerical 

results, where the percentage of discrepancy between the theoretically and numerically results are about (1 to 2%). 

Fig. 4 shown the natural frequency of long composite plate with aspect ratio (AR=1, 1.5, and 2) for (SSSS, SSCC, 

and SSFF supported) for composite plate, with different crack position in -direction, for  = 0.5, H = 5.5 mm, 2C =

24 mm,  = 0.7, and ׊୤= 30%. The figures showed that the good agreement between the theoretically and numerical 

results, where the percentage of discrepancy between the theoretically and numerically results are about (1 to 3.5%). 

  

End 

Evaluate of Fourier series constant ܣ଴଴,ܣ௠଴,ܣ଴௡,ܣ௠௡,ܤ௠௡  .௠௡ܦ,௠௡ܥ,

Evaluate the natural frequency of 
composite plate, Eq. (36) for strength 
crack effect. 

Write the values of natural frequency of 
composite plate with different crack size, 
and location effect. 

I 
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Table 1: Properties of Composite Materials Types of Composite Plate, M. J. Jweeg et al. (2012) 

Properties 

Reinforcement Fiber Types 

(Glass-Polyester) 

Long Fiber Woven Fiber 

E1 (Gpa) 31.16 18.25 

E2 (Gpa) 5.34 18.25 

G12 (Gpa) 1.96 1.96 

Density 

(kg/m3) 
1525 1420 

12 0.355 0.355 

 

Table 2: Dimensions and Information of Crack and Plate Studied in Theoretical and numerical Study of Vibration 

Composite Plate 

Position of Crack through the 

-direction (%a) 
0.1 to 0.9 

Position of Crack through the 

-direction (%b) 
0.1 to 0.9 

Crack Depth ho (%H) 10%, 30%, 50%, 70% 

Crack Length (cm) (%a) 5%, 10%, 15%, 20% 

Plate Length, a (cm) 24 

Plate Width (cm) 24, 36, 48 

Aspect ratio (b/a) 1, 1.5, 2 

Plate Thickness (mm) 3.5, 5.5, 9 

Boundary Conditions SSSS, SSCC, SSFF 

 

Fig. 5 shown the effect of the crack position in -direction on the natural frequency of different composite plate 

types long, and woven reinforcement fiber), with different aspect ratio (1, 1.5, and 2) and boundary condition of plate as 

(SSSS, SSCC, and SSFF) for plate thickness ܪ = 5.5 ݉ ݉, crack length 2ܥ = 24 ݉݉, crack depth ratio  = 0.7, middle 

crack position in -direction  = 0.5, volume fraction of reinforcement fiber ׊௙= 30%, and 0o crack angle. From figures 

shown that the effect of crack position more effect at middle location of plate in -direction. From figures shown that the 

effect of crack position more effect at middle location of plate in -direction. 
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Fig. 6 shown the effect of the crack position in -direction on the natural frequency of different composite plate 

types (long, and woven reinforcement fiber), with different aspect ratio (1, 1.5, and 2) and boundary condition of plate as 

(SSSS, SSCC, and SSFF) for plate thickness ܪ = 5.5 ݉ ݉, crack length 2ܥ = 24 ݉݉, crack depth ratio  = 0.7, middle 

crack position in -direction  = 0.5, volume fraction of reinforcement fiber ׊௙= 30%, and 0o crack angle. From figures 

shown that the effect of crack position more effect at middle location of plate in -direction. 

Fig. 7 shown the effect of the crack length on the natural frequency of different composite plate types (long, and 

woven fiber), with different aspect ratio (1, 1.5, and 2) and boundary condition of plate as (SSSS, SSCC, and SSFF) for 

middle crack position in  and -direction  = 0.5, = 0.5, plate thickness ܪ = 5.5 ݉ ݉, crack depth ratio  = 0.7, 

volume fraction of reinforcement fiber ׊௙= 30%, and 0o crack angle. From figure shown that the natural frequency 

decreasing with increasing of crack length. 

Fig. 8 shown the effect of the crack depth ratio on the natural frequency of different composite plate types (long, 

and woven fiber), with different aspect ratio (1, 1.5, and 2) and boundary condition of plate as (SSSS, SSCC, and SSFF) 

for middle crack position in  and -direction  = 0.5, = 0.5, plate thickness ܪ = 5.5 ݉ ݉, crack length 2ܥ = 24 ݉݉, 

volume fraction of reinforcement fiber ׊௙= 30%, and 0o crack angle. From figure shown that the natural frequency 

decreasing with increasing of depth. 

Fig. 9 shown the effect of the plate thickness on the natural frequency of different composite plate types (long, and 

woven fiber), with different aspect ratio (1, 1.5, and 2) and boundary condition of plate as (SSSS, SSCC, and SSFF) for 

middle crack position in  and -direction  = 0.5, = 0.5, plate crack depth ratio  = 0.7, crack length 2ܥ = 24 ݉݉, 

volume fraction of reinforcement fiber ׊௙= 30%, and 0o crack angle. From figure shown that the natural frequency 

increasing with increasing of plate thickness. 

From Figs. 5 to 9 shows the following effect of the crack and plate on the natural frequency of plate with crack 

effect, 

Effect of Crack Position ( and -Direction) 

The natural frequency of composite plate types decreasing with move crack position near the middle location plate, 

since the stiffness of plate is decreasing with the moving the crack to the middle plate location, then deceasing of the 

natural frequency of plate, as shows in Figs. 5 and 6 with different composite plate types, aspect ratio, boundary condition, 

and crack orientation effect. 

Crack Size Effect (Length and Depth) 

The natural frequency of composite plate is decreasing with the increasing of the crack size as length of crack or 

depth since the crack cause decreasing of the stiffness of plate, then cause decreasing of the natural frequency of plate, as 

shows in Figs. 7 and 8 with different composite plate types, aspect ratio, boundary condition, and crack orientation effect.      

Plate Thickness Effect 

The increasing of plate thickness cause an increasing of the stiffness of plate more than the increasing of plate mass, 

the increasing of plate thickness cause increase of plate frequency due to increasing of plate stiffness as shown in Fig. 9 for 

different composite plate types, boundary conditions, and aspect ratio of plate effect.  

 



58         Muhsin J. Jweeg, Ali S. Hammood & Muhannad Al-Waily  

 

Effect of Boundary Condition of Plate 

The natural frequency of plate at SSFF more than for SSCC and SSSS since the deflection of  plate with SSFF 

supported more than deflection of plate with SSCC and SSSS and frequency of plate with SSCC condition more than 

frequency of plate with SSSS, the stiffness of SSFF plate more than for other supported and stiffness of SSCC plate more 

than for stiffness SSSS plate as shows in Figs. 5 to 9 for different composite plate types, aspect ratio, crack position, and 

crack size effect. 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 

 

Fig. 3 Compare Between Theoretical and Numerical Work of Natural Frequency for Long Composite Plate with 

Different Crack Position Effect in -Direction with Different Aspect Ratio and Boundary Condition Plate for, 

=0.5, 2C=24 mm, =0.7 
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Fig. 4 Compare Between Theoretical and Numerical Work of Natural Frequency for Long Composite Plate with 

Different Crack Position Effect in -Direction with Different Aspect Ratio and Boundary Condition Plate for, 

=0.5, 2C=24 mm, =0.7 
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Fig. 5 Natural Frequency (rad/sec) of Orthotropic (Long, Woven) Composite Plate with Different Crack Position in 

-Direction Effect with Different Aspect Ratio and Boundary Condition Plate for, =0.5, =0.7, =30%, H=5.5 mm, 

2C=24 mm, and 0o Crack Angle 

Long Reinforcement Fiber 
Composite Plate Type 

Woven Reinforcement Fiber 
Composite Plate Type 
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=
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A
R
=
2 

A
R
=
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Fig. 6 Natural Frequency (rad/sec) of Orthotropic (Long, Woven) Composite Plate with Different Crack Position in 

-Direction Effect with Different Aspect Ratio and Boundary Condition Plate for, =0.5, =0.7, =30%, H=5.5 mm, 

2C=24 mm, and 0o Crack Angle 

Long Reinforcement Fiber 
Composite Plate Type 

Woven Reinforcement Fiber 
Composite Plate Type 
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Fig. 7 Natural Frequency (rad/sec) of Orthotropic (Long, Woven) Composite Plate with Different Crack Length 

Effect with Different Aspect Ratio and Boundary Condition Plate for, =0.5, =0.5, =0.7, =30%, H=5.5 mm, and 

0o Crack Angle 
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Fig. 8 Natural Frequency (rad/sec) of Orthotropic (Long, Woven) Composite Plate with Different Crack Depth 

Ratio Effect with Different Aspect Ratio and Boundary Condition Plate for, =0.5, =0.5, 2C=24 mm, =30%, 

H=5.5 mm, and 0o Crack Angle 
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Fig. 9 Natural Frequency (rad/sec) of Orthotropic (Long, Woven) Composite Plate with Different Plate Thickness 

Effect with Different Aspect Ratio and Boundary Condition Plate for, =0.5, =0.5, =0.7, 2C=24 mm, =30%, and 

0o Crack Angle 
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CONCLUSIONS 

The main conclusions of this work for dynamic behavior of orthotropic composite plate types with crack effect are 

listed below: 

1. The suggested analytical solution is a powerful tool to evaluate the natural frequency of orthotropic composite 

plate with crack, by solution the general differential equations of motion of plate with crack effect by using 

separation method for differential equation. 

2. A comparison made between analytical results from suggested analytical solution study with numerical results 

from ANSYS program shows a good approximation where the biggest error percentage is about (3.5 %). 

3. The position of crack in the plate near the middle of the plate has more effect on the stiffness and natural 

frequency of plate from the other positions (near to the ends of the plate), i.e. frequency of plate when the crack in 

the middle position it has a lower frequency of plate with respect to the cracks near to the end position. 

4. The crack in the plate has an effect on the stiffness of the plate, this will affect the frequency of the plate. So, with 

increasing of the crack depth or length (crack size) the stiffness of plate will decreased, this will cause a 

decreasing the natural frequency of the composite plate. 

5. The plate thickness is increases the stiffness of plate and increasing of the natural frequency of plate. And 

increasing of the aspect ratio decreases of the natural frequency of composite plate. 
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